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Nuclear Forensics and Radiochemistry: Reaction Networks
Robert S. Rundberg

Abstract:

In the intense neutron flux of a nuclear explosion the production of isotopes may
occur through successive neutron induced reactions. The pathway to these isotopes
illustrates both the complexity of the problem and the need for high quality nuclear
data. The growth and decay of radioactive isotopes can follow a similarly complex
network. The Bateman equation will be described and modified to apply to the
transmutation of isotopes in a high flux reactor. A alternative model of growth and
decay, the GD code, that can be applied to fission products will also be described.



Nuclear Forensics and
Radiochemistry: Reaction Networks



Reaction Networks

* A nuclear explosion produces an enormous flux

of neutrons.
— A neutron yield on the order of a mole (6.02E23).

— The chain reaction is finished in a short time, of the
order of tens of nano-seconds.

— The volume of burning fuel is relatively small.

* Multiple successive neutron induced reactions
can occur.

e Activation of materials by successive reactions
are prominent near the fuel.
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Neutron Reactions with Actinides

(Uranium)
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Neutron Reactions with Actinides
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Neutron Reactions with Actinides
(Plutonium)
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Neutron Reactions with the Actinides
(Americium)
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Actinide Isotopes in Nuclear Debris

* The equations for the successive reactions are
solved numerically in a code using the Runga-
Kutta method.

* The isotopes produced give the neutron
fluence and spectrum that the original
material was exposed to.



The Advantage of Isotope Ratios

If we assume no burnup the first order equation is

dNg_1

dt = O'1NA¢.

Assume constant flux, the solution is

NA—l = 0'1NA¢t.

The second order reaction is then

dN 4 _
dA 2 = 02 [O’lNAgbt] gb
t
The solution is
t
NA_2 == 0'10'2NA/ qthdt
0
_ 0102NA(¢t)2
5 )
Therefore the atom ratio is
Na o . 2¢t




Growth and Decay

 The growth and decay of radioactive isotopes
are similar to the transmutation of isotopes in
high flux environment.

 The Bateman equations are useful. But
restricted to specific initial conditions.

 The Bateman equations can be modified to
include transmutation.



238 Natural Decav Series
Labile .

24,55 ky |233; 4.468 Gy
230 1.18 m| 234
Th Th
24.1d
75.38 ky
Gas [
Ra
1.6 ky
218 222
Rn Rn
218
At 3.825d
210 214 218
Po Po Po
210 214
Bi Bi
223yl 210 19.9mf 544
Pb Pb
206 210
Tl Tl
206
Hg

Peucker-Ehrenbrink, 2012



238U-series 233U-series 232Th-series

235U
0.704 by
231 Pa
32800y
231Th 227Th 232Th 2281-h
2144d 75000y 106d 187d 14.1 by 191y
227Ac
218y
Ra ZRa Z*Ra 2Ra
1600y 114d 575y 3.63d
Rn
3.823d
210Po
1384d
21OBi
501d
210Pb
226y

Peucker-Ehrenbrink, 2012 =



Bateman Equations

Start with a simple parent/daughter growth and decay. The equation for the
daughter is,

dN,
= ANy — AN
dt 14V]1 =™ A214N2
or AN
—2 4+ ANy — ) N2 = 0. (1)

dt

The solution of this linear differential equation of the first order may be obtained
by standard methods and gives
A1
A2 — A\

NQ — N? (e—/\lt o e—/\2t) 1 NO —A2t (2)



Bateman Equations

Consider the grandaughter. The equation for its growth and decay is,

% = AoN3 — A3N3. (3)

dt
Eq. 3 is analgous to Eq. 1, but the solution calls for more labor, because No
is a much more complicated function than N;. The great grandaughter is even
more complicated. Fortunately, H. Bateman has given the solution for a chain
of n members with the special assumption that at £ = 0 the parent substance

alone is present, that is, Ny = NY = ... = N? = 0. This solution is

NG e G e o B,
A1Ag - A
C, — 1 A2 1 NO.
(A2 — A1)(Az — A1) - - (An — A1)
A1Az2 -+ Ap—1

(A1 = A2)(Az — Ag) - (An — Ag)

65— N;:', and so on.



Bateman Applied to Transmutation

Successive neutron reactions in a high flux, such as, a high flux reactor can be
solved using the Bateman equations, as well. The rate of disappearence of an
1sotope mn a neutron flux is

_% = (A+nve)N = AN. (5)

Consider a parent daughter pair. The parent disappears by both transmutation
and decay. But the daughter grows by decay of the parent only and disappears
by both processes. In general notation,

dN; 41
dt

= AilN; — Ay 1N .

We replace A\; by a modified decay constant A = A} 4+ nvo, were only the
decay constant of transmuation term that lead to next progeny in the chain is
used.



Bateman Applied to Transmutation

With this nomenclature the Bateman equation becomes,

Arn — Cle—Alt + CQQ_AQt _|_ N Cn.e_l\nt,

A*AQ A:'cl 1 JVO

(AQ—AI)(A3—A1) (An—A) Y
A*AQ n 1

(A1 — A2)(As — Az) o+ (An — A2)

Clz

Cs = N?, and so on.



An Example

As an illustration, we compute the amount of 3.15-d ? Au formed by two
successive (n, y) reactions when 1g 'Au is exposed for 30 h in a neutron
flux of 1 X 10" cm™@s™'. The chain of reactions is

or=99b g=2. 5% 104

7 Au i A — > Au
By ty2=2.70d B7 | tin=3.14¢
We use (5-12) for this three-membered chain:
o ~Misit
Nigs = AjsrA il;"f*“.r\r?5"'?[(1'1198 — Aio7)(Aiso— Aysr)
(Asr— Aoe) (Mg — Assg)  (Agor — A190)( Aoz — Ayos)



The numerical values to be substituted are

t=1.08x%x10s,
nv =10"cecm™2s",
o197 = 9.9 X 107 cm?,
o9 = 2.5 X 107 cm?,

_6.02x10% 53
N7 = 55— = 3.05x 107,

* -0
A|97 — A;g'} = NVT 197 — 9.9 x ]0 ? S l,

Ao = Ajog + NUo9s = 3.0 107°°+2.5 x 107
= 5.5x107%s71,

A;’;s = nvoes = 2.5 X 107 S—l,
and

Ao = Ayo9 = 2.55 X 107 %571,



Using these values, we get

~0.00107
€

§.5%x107%x2.55 x10°°

~0.554

N yop 2= 7.85 X 10"(

e e—u.m
¥ §.5x10°°%295x10"° 2.55x10°x2.95 x 10'“)

=7.55x107(7.12 x 10'°+3.40 x 10'°— 1.01 x 10'") = 3.2 x 10",

The disintegration rate of ®Au at the end of the irradiation is A 99N s =
0.82 x 10" s~!, For comparison we compute the disintegration rate of '®Au
in the sample {again from (5-12) for a two-membered chain]:

=Aqo! =Ajoat
A1seN 1og = N¢ (— £ o )
198N 198 = A19gN 00197 Ny Aros— Arer  Aror — Ares
. ,0.999 —0.552 P

Thus about 10 percent of the radioactive disintegrations in the sample occur in
19 Au.



Fission Does Not Always M
Initial Conditions
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The GD Code

The general differential equations for radioactive decay and growth

N,

g a1V +71 (%)

dN.
d—; = a1 N1 + a2 N> +72(1) (1)
dN,,

dt :ﬂ'nINI—I_“'—i_ﬂfnnNn —I_Tﬂ(t)

where N;(t) is the number of atoms of nuclide i existing at time ¢, a;;, 1 > j are
constants, and r;’s are the rates of formation from sources other than by decay
of isotopes i. A specialized form r;(f) = y; f(?) is used in the Los Alamos code
GD, so that the rates have time independent ratios to each other. The v;’s are
called fractional independent yields.



GD Code Continued

where A is the matrix of a;;’s, N and Y are column vectors and f(t) is a

scalar. Equation (2) has the solution

N(t) = ®*AN(T) + ] t e(*=9)A f(1)Yds

T

There is a non singular matrix P such that
P~lAP=1]
is diagonal. Th GD code finds P. The solution is then

N(t) = P diag [e“”“—”,...,eﬂﬂn“—ﬂ} P~N(7)

(3)

(4)

t
- P( f diag [ean(t—ﬂ,...,eﬁmif—sl] f(s)ds) Py (5



The GD Code Solution

Define F;(t) by
Fi(t— 1) = /t e2#(t=5) £(g)dg (6)
then the solution is '
N(t) = Pdiag|e®,... et P~IN(r)
+ P diag[Fi(t—71),...,Fa(t—7)]P'Y (7)

The function f(s) is taken to be piecewise constant with f; on time intervals
U; to W;. With this specialization it follows that

Bt —r) =" s ("1 — g=u4). (8)



